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Abstract

We consider the problem of decomposing the credit risk in a portfolio into a sum of
risk contributions associated with individual obligors or transactions. For some standard
measures of risk — including value-at-risk and expected shortfall — the total risk can be
usefully decomposed into a sum of marginal risk contributions from individual obligors. Each
marginal risk contribution is the conditional expected loss from that obligor, conditional on
a large loss for the full portfolio. We develop methods for calculating or approximating
these conditional expectations. Ordinary Monte Carlo estimation is impractical for this
problem because the conditional expectations defining the marginal risk contributions are
conditioned on rare events. We develop three techniques to address this difficulty. First,
we develop importance sampling estimators specifically designed for conditioning on large
losses. Next, we use the analysis underlying the importance sampling technique to develop
a hybrid method that combines an approximation with Monte Carlo. Finally, we take
this approach a step further and develop a rough but fast approximation that dispenses
entirely with Monte Carlo. We develop these methods in the Gaussian copula framework
and illustrate their performance in multifactor models.
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1 Introduction

For purposes of internal risk management, the measurement of portfolio credit risk is often just
a first step in a more extensive process of allocating capital to transactions with counterpar-
ties. This process requires decomposing the total credit risk in a portfolio into individual risk
contributions. Each risk contribution assigns part of the total risk to a particular transaction
or counterparty, and these risk contributions are then used to allocate capital.

For a bank following the internal ratings based approach of the Basel Committee’s New
Capital Accord [2], the credit risk in a portfolio is summarized through its value-at-risk (VaR),
a quantile of the loss distribution. Similar considerations apply if risk (or capital adequacy) is
measured using standard deviation, expected shortfall, or several other candidate measures of
risk. We focus on VaR and expected shortfall.

Many authors (including Denault [5], Garman [6], Kalkbrener [10], Kurth and Tasche [12],
and Litterman [15]) have noted that several commonly used risk measures — including VaR and
expected shortfall — can be usefully decomposed as a sum of sensitivities. In this decomposition,
each risk contribution can be interpreted as a marginal impact on total portfolio risk. The key
property underlying this decomposition is positive homogeneity of the risk measure, a property
that states that the risk (or capital requirement) of a portfolio scales in proportion to the size
of the portfolio.

The marginal risk contributions associated with both VaR and expected shortfall can be
represented as conditional expectations of losses on subportfolios, conditioned on events in the
tail of the loss distribution for the full portfolio. The rarity of these tail events presents an
obstacle to practical calculation of these conditional expectations. Each contribution depends
on the probability of a rare event (a default) conditional on an even rarer event (an extreme
loss for the portfolio).

To address the practical difficulties of calculating marginal risk contributions, we develop
efficient Monte Carlo methods and approximations. The Monte Carlo methods use importance
sampling to address difficulties associated with simulating rare events. This part of the paper
builds on the method developed in Glasserman and Li [8] for estimating the tail of the loss
distribution in credit portfolios. The techniques underlying the importance sampling method
also lead to approximations that can be used together with Monte Carlo or as an alternative.
Throughout this paper, we work in the Gaussian copula model of credit risk (Gupton, Finger,
and Bhatia [9] and Li [13]), widely used both for measuring portfolio credit risk and for pricing

credit derivatives.



We review the Gaussian copula model in Section 2 and discuss the representation of marginal
risk contributions as conditional expectations in Section 3. Section 4 analyzes the estimation
of conditional expectations using ordinary Monte Carlo; we use this as a benchmark. Section 6
develops the importance sampling method based on shifting the factor means in the Gaussian
copula and increasing the conditional default probabilities. Section 7 uses related ideas to shrink
the factor variance (as well as shifting the factor mean) in the importance sampling procedure.
Section 8 develops an asymptotic approximation for marginal risk contributions and a hybrid
method that combines Monte Carlo with an approximation. Section 9 takes the approximation

a step further and dispenses with Monte Carlo.

2 Portfolio Credit Risk in the Gaussian Copula Model

A key element of any model of portfolio credit risk is a mechanism for capturing dependence
among obligors. In this section, we describe the widely used Gaussian copula model for portfolio
credit risk. Our description follows that in Glasserman [7].

We focus on the distribution of losses from default over a fixed horizon. The ingredients of

this distribution are as follows:

m = number of obligors to which portfolio is exposed;
Y, = default indicator for kth obligor
= 1 if kth obligor defaults, 0 otherwise;

pr = marginal probability that kth obligor defaults;
cr = loss given default for the kth obligor;

X = loss from the kth obligor = ¢;Yx;
L = Xi+- -+ X, = total loss from defaults.

We assume the marginal default probabilities p; are known, either from credit ratings or from
the market prices of corporate bonds or credit default swaps. We take the ¢, to be constants
for simplicity, though it would suffice to know the distribution of the kth loss X. This would
allow for random recovery.

The Gaussian copula model provides a mechanism for specifying dependence among the
default indicators Y7, ..., Y,,. Dependence is introduced through a multivariate normal vector

(&1, ..,&n) of latent variables. Each default indicator is represented as

Yk:1{£k>$k}7 k‘:1,...,m,



with z; chosen to match the marginal default probability pi. The threshold x; is sometimes
interpreted as a default boundary of the type arising in the foundational work of Merton [16].
Without loss of generality, we take each & to have a standard normal distribution and set

x, = ®71(1 — pg), with ® the cumulative normal distribution. Thus,
P(Yy=1)=P(& > @ (1 —pp) = 1= (@7 (1 - pr)) = pi-

The correlations among the & determine the dependence among the Y;. The underlying

correlations are specified through a factor model of the form
§k = ar1Z1 + -+ agaZq + beg, (1)
in which

o Zi,...,Zq are independent systematic risk factors, each having an N(0,1) (standard

normal) distribution;
o € is an idiosyncratic risk associated with the kth obligor, also N (0, 1) distributed;

o agi,...,arq are the factor loadings for the kth obligor.

o bk:\/l—(ail—l—---—l—aid) so that & is N(0,1).

The underlying factors Z; are sometimes derived from economic variables (industry or regional
risk factors, for example).

Write ay, for the row vector (agi, - .., axq) of factor loadings for the kth obligor. The corre-
lation between & and &, £ # k, is given by akaz. The conditional default probability for the
kth obligor given the factor loadings Z = (Z1, ..., Zg)" is

pi(2) = P(Yy = 1|12) = P(& > z1|Z) = @ (M) '

- @)

3 Risk Measures and Marginal Risk Contributions

The distribution of credit losses in a portfolio (i.e., the distribution of L) is typically summarized
through a scalar measure of risk. Two of the most commonly used risk measures are value-
at-risk and expected shortfall. The value-at-risk associated with probability 1 — o (with, e.g.,
a = 1%) is the quantile

VaR, = inf{z: P(L > z) < a}.



The corresponding expected shortfall is
ES, = E[L|L > VaR,].

Value-at-risk is in more widespread use, but expected shortfall is coherent (in the sense of
Artzner et al. [1]) whereas VaR is not. In particular, VaR is not in general subadditive, which
means that the sum of the VaRs for two portfolios may be less than the VaR for the combined
portfolio.

The calculation of a portfolio risk measure is often followed by a process of allocating the
risk to elements of the portfolio based on their marginal contribution to the total risk. This type
of decomposition is used for capital allocation and for measuring risk-adjusted performance.

Several authors have shown that the marginal risk contributions associated with VaR and
expected shortfall can be represented as conditional expectations. In more detail, consider
increasing the exposure to the kth obligor by an amount €. The resulting portfolio loss random

variable L€ is related to the original loss L by
L =L+ eXg,

where X}, is the loss random variable for the kth obligor. Let VaR{, and ES;, denote the value-
at-risk and expected shortfall for L. Then, under appropriate conditions (see, e.g., Kalkbrener,

Lotter and Overbeck [11] or Kurth and Tasche [12]) the marginal VaR contribution of the kth

obligor is
O VaR;
00| E[X4|L = VaR,), (3)
de |
provided P(L = VaR,) > 0. The marginal contribution to expected shortfall is
OES;,
= = E[X%|L > VaR,]. (4)
Jde |

Thus, in both cases, the marginal risk contributions are conditional expectations of the indi-
vidual loss random variables, conditioned on rare values of the portfolio loss L.

We will not present (or verify) conditions under which (3) and (4) are valid. Instead, we
simply note that the expressions on the right do indeed decompose the total risk. In the case

of VaR,

> E[Xi|L = VaRa] = E[Y - Xi|L = VaR,] = E[L|L = VaR,] = VaRa;
k=1 k=1

and for expected shortfall,

> E[Xk|L > VaRs] = E[> | Xi|L > VaR,] = E[L|L > VaR,] = ES..
k=1 k=1



The calculation of these marginal risk contributions presents practical difficulties precisely
because of the rarity of the conditioning events and because the calculation needs to be repeated

for every obligor Kk =1,...,m.

4 Monte Carlo Estimates of Conditional Expectations

Estimation of the marginal risk contributions (3) and (4) by Monte Carlo can be thought of as
a two-phase procedure in which one first estimates VaR (and possibly also expected shortfall)
and then estimates the risk contributions using the estimated VaR from the first phase in place
of the true VaR in the conditional expectations (3) and (4).

For the Gaussian copula model, the first-phase problem is addressed by the importance
sampling (IS) procedure developed in Glasserman and Li [8]. That procedure involves shifting
the mean of the common factors Z and then increasing the conditional default probabilities
given the outcome of Z. In the numerical examples reported in Glasserman and Li [8], IS
allows precise estimation of quantiles at probabilities as small as 0.0001 (and even smaller)
from as few as 1000 replications. (Other approaches to IS for credit risk are discussed in
Kalkbrener et al. [11] and Morokoff [17].)

Here we focus on the second-phase problem of estimating, for a given loss level x, E[X}|L =

x] and E[X|L > z]. We can treat the two cases together by considering
Vi = E[XML € ./4]

with A = {z} or A = [z,00). When we condition on L € A, we assume P(L € A) > 0. If
P(L = x) =0, we can replace the condition L = x with |L — x| < € for some € > 0 large enough
to have P(|L — z| < €) > 0.

We first consider the estimation of vg, k = 1,. .., m, using ordinary Monte Carlo simulation.

Fach replication of an ordinary simulation proceeds along the following steps:
1. Generate independent N (0, 1) factor levels Z1, ..., Zg and set Z = (Zy,...,Zq)";

2. For each obligor k = 1,...,m, generate an independent N (0, 1) variable €; and set &, =

k121 + - -+ argZq + breg;

3. For each obligor k = 1,...,m, generate the default indicator Yz = 1{& > ®~1(1 — p;)}
and the loss given default c;. Set X = Yicy.

These steps are repeated to generate multiple independent replications.



Let (Xl(i), .. .,Xf,?), i =1,...,n, be n i.i.d. replications of the vector of individual losses
X and let
L@ — Xl(l) +o X0

denote the total portfolio loss on the ¢th replication. To estimate the risk contributions v,
k=1,...,m, we use

oy xL0 e Ay
T YL IO € A

We take the ratio to be zero whenever the denominator is zero.

()

Applying the strong law of large numbers to the numerator and denominator in (5), we find
that, with probability 1,
o — v k=1,...,m,
again assuming P(L € A) > 0. To compare the precision of this estimator with the alternatives
that we propose, we need an appropriate measure of its variability. This is provided by a central
limit theorem and the accompanying confidence intervals. We record these in the following

result. Because 0y is a ratio estimator, we cannot simply use a sample standard deviation to

measure its precision; we instead apply the method in the following proposition.

Proposition 1 Suppose P(L € A) > 0 and let

n Y (X — ) 21{L0) € A}
(Cr, 1{LO) e A})?

taking the ratio to be zero whenever the denominator is zero. Then the distribution of

: (6)

67 =

U — Vg

o/ v

converges to the standard normal and

. Ok
Uk £ 25/2—=

Vn

is an asymptotically valid 1 — 0 confidence interval for vy, with ®(z5/2) =1—6/2.

The limiting distribution in the proposition follows from a general result on the asymptotic
normality of nonlinear functions of sample means (see, e.g., p.122 of Serfling [18]) combined
with the fact that (6) is a consistent estimator of the asymptotic variance of 0. In fact, this
univariate central limit theorem extends in a straightforward way to a multivariate central
limit theorem for the vector (01, ..., ¥,,), which could be used to form simultaneous confidence

intervals for multiple estimates.



5 Importance Sampling for Large Loss Levels

The main difficulty in using the standard Monte Carlo estimators oy, to calculate marginal risk
contributions is that very few replications produce portfolio losses L with L = z or L > =x.
In importance sampling (IS), we try to increase the frequency with which rare events occur
by changing the distribution from which we sample; we then weight each observation by a
likelihood ratio to correct for the change in distribution.

Glasserman and Li [8] develop an importance sampling technique for the estimation of
P(L > x) (which here appears as the denominator in the estimation of expected shortfall
contributions). Their method applies a change of distribution to the vector of factors Z and
then changes the conditional default probabilities given Z.

The likelihood ratio that corrects for changing the distribution of Z from N (0, I) to N (p, 2),
with |X] > 0, is

51 2exp (3 [(Z2 - ) SN2 - ) - 272]).

If we change only the mean of Z (so ¥ = I), this simplifies to
exp (—uTZ + %uTu> :
The effectiveness of IS depends critically on the choice of p (and ¥), to which we will return.

5.1 Twisting the Conditional Default Probabilities

Given Z, the conditional default probability of the kth obligor is pi(Z) in (2). We embed these
conditional probabilities in a parametric family, parameterized by a scalar 6, by setting

pk(Z)egck

Pul0.2) = T @ = 1)

(7)

These “exponentially twisted” probabilities are monotone increasing in : at § = 0, we re-
cover the original probability pi(Z), taking € > 0 increases the conditional default probability,
and taking # < 0 decreases the conditional default probability. There are many ways one
might consider increasing or decreasing the conditional default probabilities, but this particular
transformation has several important features that make it effective.

A special feature of (7) is the resulting form of the likelihood ratio. The likelihood ratio
that corrects for changing the conditional default probability px(Z) to some other probability

(22" (15282

qk 18



In the particular case of g = pi(6, Z), this becomes

Pi(Z) e 1 —pr(Z) (I_Yk)_ —0Yj ¢ Ocy,
Grioz) (Tomioz) =0 eme )

Because the default indicators Y7,...,Y,, are conditionally independent given Z, the (con-

ditional) likelihood ratio for changing all the default probabilities is just the product of the

individual (conditional) likelihood ratios, which can be written as

H e—Gchk(l —I—pk(Z)(eeck — 1)) =exp(—0L + (0, 2)). (8)
k=1

Here, we have used the fact that L = Yi¢1+- - -4+ Y, ¢, and introduced the conditional cumulant

generating function of L,
¥(0, z) = logElexp(0L)|Z = Z] Zlog (1 + pi(Z) (e — 1)) . 9)

The special form of the likelihood ratio in (8) — depending on the default indicators Y7, ..., Y,
only through the total loss L — is a consequence of the parametric specification in (7).

Glasserman and Li [8] choose the parameter 6 as a function of the factors Z and the loss
threshold z. Let 6,(z) be the unique solution to the equation

0
o0

a unique solution indeed exists because, for all z, the derivative increases from —oo to co as 6

(0,2) = (10)

increases from —oo to co. It follows from (9) and (7) that the derivative on the left side of this

equation can be rewritten using the p(6, z) in (7) as

z) = Zpk(ﬁ, z)ck
k=1

Thus, setting § = 0,(z) in (7) adjusts the conditional default probabilities just enough to make

the conditional expected loss equal to z, in the sense that

Zpk z)ey = x. (11)

If the threshold x is larger than the conditional expected loss E[L|Z = z], then 6,(z) > 0 and
the twisted conditional default probabilities py(6,(z), z) are greater than the original conditional
default probabilities px(z). If © < E[L|Z = z|, then 6,(z) < 0 and pg(0.(2),2) < px(z). In
estimating P(L > z), Glasserman and Li [8] use 0 (z) = max{0, 6,(2)}, because in generating
large values of L there is no advantage to reducing the conditional default probabilities. Negative

values of 6,(z) are, however, useful in estimating conditional expectations given L = .



5.2 Shifting the Factor Mean

Equation (7) specifies how we apply importance sampling to the default probabilities conditional
on the outcome Z of the factors. The method of Glasserman and Li [8] also applies importance
sampling to the factors themselves.

In estimating a tail probability P(L > x), a particularly effective IS distribution for the
factors Z would be the probability density proportional to the function

2z P(L > z|Z = z) exp(—2z ' 2/2). (12)

If we formulate the calculation of P(L > x) as a problem of integrating over the distribution
of Z, then the first factor on the right is the integrand and the second factor is (up to a
normalization constant) the multivariate normal density of Z. Sampling from this density is
difficult, so we approximate it by a multivariate normal distribution N (u, I). We would like to
choose p so that the mode of the multivariate normal coincides with the mode of (12). In other

words, we would like to choose p as the solution to
max P(L > z|Z = z) exp(—2"2/2). (13)
z

Even this approximation is not quite feasible because P(L > x|Z = z) is difficult to evaluate,

so we use a further approximation. Define

Fmo(z) = m;mx{zﬂ(@, Z) —:L'9} = ¢(9m(z)vz) _$9m(z) (14)
and
Fy(z) = Iggg{?ﬁ(@’ z) —ab} = (03 (2), 2) — 26 (2). (15)

These functions are illustrated for a homogeneous, single-factor model (with py = 0.02, ¢, = 1,
ar1 = 0.3, m =100, and x = 10) in Figure 1. As shown in [§8], F, provides an upper bound on

the conditional tail of L in the sense that
P(L > z|Z = z) < exp(Fy(2)).

This upper bound also serves as a rough approximation. Using this approximation in (13) leads

us to choose p as the solution to
1T
max{F,(z) — 52 z}. (16)
z

Glasserman and Li [8] use the solution u, as the new mean of the factors in their importance

sampling procedure. There is just one maximizer in a single-factor model. In multifactor

10
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Figure 1: Graphs of the functions Fj(z), F2(z), and F,(z) — 2%/2 for a single-factor, homo-

geneous portfolio with py = 0.02, ¢, = 1, axz = 0.3, m = 100, and x = 10. The point g,
maximizes F,(z) — 2%/2, and z, is the smallest point at F(z) = 0.

models, it is possible to have multiple solutions. For simplicity, we will assume a unique p, in
our discussion.

A second point of interest for importance sampling is the solution to
minz' z subject to F,(z) = 0. (17)
z

In Figure 1, this is the smallest z at which F} reaches zero and also the only point at which
F2(z) = 0. This point is labeled z.. Because F2(z.) = 0, (14) implies that ,(z.) = 0, which
means that E[L|Z = z,] = x. Thus, shifting the mean of Z to z, is potentially attractive for
importance sampling. In fact, Glasserman and Li [8] show that in a homogeneous, single-factor
model, u,/z. — 1 as the size of the portfolio increases. In an asymptotic sense, all candidate

means between u, and z, are equally effective and, indeed, optimal.

6 Importance Sampling for Conditional Expectations

We now return to the problem of estimating marginal risk contributions of the form E[X|L €

Al, with A = {z} or A = [z,00). In both cases, we assume P(L € A) > 0 and use the

11



representation

E[Xk]_{L S ./4}]
P(LeA)

We apply importance sampling to estimate the numerator and the denominator. To keep the

T = E[X]AL € ./4] =

discussion generic, let P and E denote probability and expectation under a different probability

measure with the same null sets as P. Write ¢ for the likelihood ratio dP/dP. Then

. E[X/1{L € A}]
 El{Le Ay

Let (Xl(i), . .,Xf,?), i =1,...,n, denote independent replications generated under P and
let L) = Xl(i) 4+ XW. Let £ denote the likelihood ratio on the ith replication. The

estimator L '
e S xPDO1{L® e A}
7o = . .

g S O{LO) € A}

converges to ry with probability 1. We can assess the precision of this estimator using confidence

(18)

intervals calculated in accordance with the following result:
Proposition 2 Suppose P(L € A) > 0 and
E[X2°1{L € A}] < oo and E[(*1{L € A}] < .

Let

n () p(i) _ 218 p(i)\21 £ T () 1/2
C (X H L 1{L
SIS _ (nzz_x (00— HSOPUHLY € A}> | (19)

' (7 (0L € A})°
(i
k

taking the ratio to be zero whenever the denominator is zero. Then with the X’ sampled under

P, the distribution of
f,is — T
SRINGD
converges to the standard normal and

5.15

1S k
'r'k :l: Z5/2

vn

18 an asymptotically valid 1 — § confidence interval for ry.

6.1 Value-at-Risk Contributions

We now specialize to conditional expectations of the form E[X}|L = x], as required for VaR con-

tributions. We apply importance sampling to the estimation of both the numerator E[X;1{L =

12



x}] and the denominator P(L = x). We use the general class of IS procedures described in Sec-
tion 5 in which we shift the mean of the factors Z and then exponentially twist the conditional
default probabilities, given Z. To complete the specification of the method, we need to select a
new mean for Z and a conditional twisting parameter 6.

For the conditional twisting parameter we use 6,.(z) rather than its positive part 6} (z), used
in [8]. Recall that 6,(z) is positive whenever E[L|Z = 2] is less than x. Thus, ,(2) and 6 (2)
differ only when E[L|Z = z] exceeds z. In estimating P(L > z), large values of L are useful,
so there is no need to shrink the conditional expected loss back to x if E[L|Z = z] > z. But
in estimating P(L = x) or expectations conditioned on L = x, we want to force the sampling
procedure to generate more samples in which the loss L exactly equals . By using 6, (z) rather
than 6} (2), we ensure that the expected loss, given Z, is equal to = regardless of the outcome
of Z. This is simply a restatement of (11).

For the new factor mean, we use ., the optimizer in (16). The resulting estimator of

E[X,1{L = z}] is the sample mean of independent replications of
Xpl1{L =z} = Xke—ez(Z)L+w(91~(Z)Z)e—uIZ—qu*ﬂl{L =z}
we estimate the denominator using independent replications of

and, as in (18), the IS estimator of E[X|L = z] is the ratio of the averages of the two expressions

over multiple replications. We detail the steps in the following:

Algorithm 6.1
1. Find p. by solving (16)
2. Repeat for replications¢ =1,...,n

(a) Generate Z from N (g, I)
(b) Calculate pp(Z) asin (2),k=1,...,m
c) Solve for 0,(Z) in (11) and calculate px(0,(2),Z), k=1,...,m

e) Calculate total loss L = Yie1 + - -+ Y.em

f

)
)
(c)
(d) Set Yy = 1 with probability px(0,(Z), Z) and Yy = 0 otherwise, k =1,...,m
)
) Calculate likelihood ratio

(
(
= exp(—0.(Z2) L+ $(02(2), Z) — pl Z + 1 11 /2)

13



(g) Set Numy = Numy, + Yicpl1l{L = x} and Deny = Deny, + ¢1{L = z}
3. Return 7y, = Numy/Deny

6.2 Expected Shortfall Contributions

We now modify the method of Section 6.1 to estimate E[Xj|L > x]. The structure of the
algorithm is the same, except that now we use 6 (Z) rather than 0,(2): if E[L|Z] < z, we
adjust the default probabilities to increase the conditional expected loss to z, but if E[L|Z] > =,

we do not change the default probabilities. The algorithm is as follows:

Algorithm 6.2
1. Find . by solving (16)
2. Repeat for replications ¢ =1,...,n

(a) Generate Z from N (g, I)
(b) Calculate px(Z) asin (2), k=1,....,m

)

)

(c) Solve for 0,(Z) in (11) and calculate px (6} (Z),Z), k=1,...,m

(d) Set Y; =1 with probability px(6;(Z), Z) and Yy = 0 otherwise, k =1,...,m
)
)

e) Calculate total loss L = Yie1 + - -+ Y.em

(
(t

Calculate likelihood ratio
0= exp(—0 (Z)L +9(63(2). Z) — ) Z + ] ps/2)
(g) Set Numy = Numy, + Yicpl1l{L > x} and Deny = Deny, + ¢1{L > z}
3. Return 7y, = Numy/Deny

6.3 Numerical Examples

We now illustrate the performance of Algorithms 6.1 and 6.2 through examples. Each example
is a portfolio of m = 100 obligors; we have obtained nearly identical results with m = 1000, so
the size of the portfolio does not appear to have much effect on the quality of the estimators.
(Indeed, the asymptotic optimality results in Glasserman and Li [8] assume m — oo, suggesting
that the method is even more effective in large portfolios.) The effect of varying the default
probabilities pi is similar to the effect of varying the exposures ci, so we keep the default

probabilities fixed at 1%. Generally speaking, the benefit of the IS estimators is greater for

14



rarer events; increasing or decreasing the overall level of the default probabilities has roughly

the same effect as varying the loss level x in the conditional expectations.

Ezample 1. In our first example, the obligors are independent. The exposures are

1, k=1,...,20,
4, k=21,...,40,
cx=4{ 9, k=41,...,60, (20)
16, k=61,...,80,
25, k=81,...,100.
This is a deliberately lumpy profile that will lead to significant variation in marginal risk
contributions.

A loss level of x = 80 corresponds roughly to a 99.9% VaR because P(L > 80) is about
0.1%. The probability that the loss exactly equals 80 is about 0.03%, so in calculating VaR
contributions (conditional expectations given L = ) we are indeed conditioning on a rare event.

Figure 2 compares the performance of the IS estimators and ordinary Monte Carlo for VaR
contributions (left panel) and expected shortfall contributions (right panel). In each case, the
horizontal axis lists the obligors from 1 to 100 and the vertical axis shows the estimated risk
contribution for each obligor. The two solid lines show 95% confidence intervals for each obligor
using IS; the two dotted lines show 95% confidence intervals using ordinary Monte Carlo. Both
are calculated using 250,000 replications. This rather large number of replications is needed
to get meaningful confidence intervals using ordinary Monte Carlo because we are conditioning
on rare events; far fewer replications would suffice using IS. Indeed, the figures clearly show a
substantial reduction in variability using IS. From the IS estimates, it is evident that the risk
contributions are the same for consecutive blocks of obligors, though this is not at all clear from

the ordinary Monte Carlo estimates.

Ezample 2. We modify Example 1 by making it a single-factor model in which each obligor’s
latent variable &, has a correlation of 0.5 with the common factor. This dependence pushes
more mass into the tail of the loss distributions, so we increase the loss threshold to =z = 100.
The mean shift for the common factor is p, = 2.00. The results are illustrated in Figure 3. The

average variance reduction ratio in this example, averaged over the 100 obligors, is about 20.

Ezample 3. To test the effect of changing the exposures, we modify Example 2 by letting the
¢k increase linearly from 1 to 100. We set the loss threshold at # = 500 which makes P(L > x)
about 1.1%. The granularity of the ¢, makes P(L = z) too small to be meaningful, so we
replace the event {L = =} with {|L — z| < 1}. This event has probability 0.02%. The results

are illustrated in Figure 4.
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Figure 2: Comparison of IS (solid) and ordinary Monte Carlo (dotted) estimates for VaR
contributions (left) and expected shortfall contributions (right) in Example 1.
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Figure 3: Comparison of IS (solid) and ordinary Monte Carlo (dotted) estimates for VaR
contributions (left) and expected shortfall contributions (right) in Example 2.
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Figure 4: Comparison of IS (solid) and ordinary Monte Carlo (dotted) estimates for VaR
contributions (left) and expected shortfall contributions (right) in Example 3.

Ezample 4. We now construct an 11-factor version of Example 2. The exposures are as in (20).
The first factor is a market-wide factor, and each obligor has a coefficient of 0.3 on this factor.
In addition, the first ten obligors have a coefficient of 0.8 on the second factor, the next ten
obligors has a coefficient of 0.8 on the next factor, and so on. Thus, each obligor is sensitive
to the market-wide factor and to one additional factor. The block structure of the dependence
in this example ensures that the model cannot be well-approximated using a small number of
factors. We set the loss threshold at 2z = 250, for which P(L > z) is about 0.1% (99.9% VaR)
and P(L = x) is about 0.03%.

The mean shift for this example is
e = (1.6214, 0.0002, 0.0002, 0.0009, 0.0009, 0.0018, 0.0018, 0.0028, 0.0028, 2.1563, 2.1563)T.

Observe that this primarily shifts the mean of the first factor and the last two. To interpret
this solution, think of u, as the least costly outcome of Z leading to large losses (losses near
x) when the cost associated with Z = z is 27 2/2. A large outcome of the first factor is cost
effective because the first factor affects all obligors. Large outcomes of the last two factors are
cost effective not because those factor affect more obligors (each of the last 10 factors affects
exactly 10 obligors), but rather because the last two factors affect the obligors with the highest
exposures. Those are the obligors most likely to have defaulted when we condition on a large
loss level. Also, observe that u, correctly detects the symmetry in the effect of consecutive pairs
of factors. The results obtained using p, and 250,000 replications are illustrated Figure 5. The

ordinary Monte Carlo results show not only wider confidence intervals but also a high degree
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Figure 5: Comparison of IS (solid) and ordinary Monte Carlo (dotted) estimates for VaR
contributions (left) and expected shortfall contributions (right) in Example 4.

of sampling variability in the estimated intervals.

7 Shrinking the Factor Variance

In the IS algorithms of the previous section, we shift the mean of the factors Z but otherwise
leave their distribution unchanged. The “optimal” density for Z is the one in (12); we chose
the normal distribution to have the same mode as the optimal one. It is natural to consider
whether changing the covariance matrix of the factors improves the approximation. Changing
the covariance matrix is particularly appealing in estimating a conditional expectation given
L = z: to have more samples fall near a given point, we would like to reduce the variability of
Z.

The optimal density (as in (12)) is the conditional density of Z, conditioned on either L > x
or L = z, depending on the context. One way to select an approximating normal distribution
is to select one that has the same first and second moments as the conditional density. These
conditional moments are generally unknown but could be estimated from a preliminary set of
runs. Using ordinary Monte Carlo, one could estimate these conditional moments by storing
the values of Z on which L = z or L > x and then calculating the sample mean and covariance
of the stored Zs. This would require a large number of replications. A more effective way would
use importance sampling, starting with the distribution N (p., I) used above. The conditional
moments can be estimated using importance sampling, producing estimates /i and ¥, say; these
can then be used to update the importance sampling distribution to N (f, i])

An alternative is to use the relation between the covariance matrix of a normal distribution
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and the Hessian (matrix of second derivatives) of the log density at its mode. The log of the

N (u,Y) density (for nonsingular ¥) is
v 4y~ 1) =7 (y — 1) + constant,

from which we see that the Hessian at p is —X 1.

In Figure 1, we select p, as the mode of F9(z) — 22/2. This corresponds to approximating
exp(F2(2)—2%/2) by (amultiple of ) the normal density N (u., 1). In approximating this function
by a normal density N (i, c?), we can use the relation between the second derivative and the

variance and choose o2 to satisfy

1 9%, 0?

More generally, in the multifactor case this corresponds to setting
2= (I -VaoF (i)™, (21)

assuming the inverse on the right exists and the resulting matrix is positive definite. The
notation Vo F?(u,) indicates the Hessian of F2(-) at p,. Initial numerical experiments reported
in Li [14] indicate that this is an effective choice in estimating P(L = z).

Appendix B of Glasserman [7] shows that the Hessian of F2(-) is given by

0

55V Y (O 2)"V0,(2).

VQFmO(Z) = VQ¢(9m, Z) +

with
0 0?2
V,(2) = =Vt (a, 2) 5550 (00 2)

Thus, the Hessian can be evaluated purely in terms of derivatives of . This is important
because 1) is given explicitly by (9), so its derivatives are easily evaluated. Evaluation of this part
of (21) is thus practical. There is no guarantee that the inverse in (21) exists; we have generally
found that it does exist at sufficiently large values of z. Also, whether ¥ actually “shrinks”
variance relative to the identity matrix depends on Vo F? (1, ) being negative semidefinite, which
requires that F be concave near p,. This property is also important in the approximations of
Glasserman [7].

The use of the modified variance in importance sampling is illustrated in Figure 6 for
Examples 2-4, where we compare IS based solely on shifting the factor mean with IS based
on shifting the mean and changing the covariance matrix. The figure indicates some modest

further variance reduction from the change in covariance.
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For Figure 6, we have moved the loss threshold to x = 300 for Example 2, where the benefit
of shrinking the factor standard deviation (from 1 to 0.294) should be greater. For Example 3,
(21) gives a standard deviation of 0.3463. The covariance matrix we used for IS with Example 4
is
0.791 0.000 0.000  0.003  0.003  0.006 0.006  0.009 0.009 —0.296 —0.296
0.000 1.002 0.000  0.000  0.000  0.000 0.000  0.000 0.000  0.000  0.000
0.000 0.000 1.002  0.000  0.000  0.000  0.000  0.000 0.000  0.000  0.000
0.003 0.000 0.000  1.009  0.000  0.000 0.000  0.000 0.000 —0.001 —0.001
0.003 0.000 0.000  0.000  1.009  0.000 0.000  0.000 0.000 —0.001 —0.001
0.006 0.000 0.000  0.000  0.000  1.020  0.000  0.000  0.000 —0.003 —0.003
0.006 0.000 0.000  0.000  0.000  0.000 1.020  0.000  0.000 —0.003 —0.003
0.009 0.000 0.000  0.000  0.000  0.000 0.000  1.031  0.000 —0.004 —0.004
0.009 0.000 0.000  0.000  0.000  0.000 0.000  0.000 1.031 —0.004 —0.004

-0.296 0.000 0.000 -0.001 -0.001 -0.003 -0.003 -0.004 —0.004 1.048 —0.823
-0.296 0.000 0.000 -0.001 -0.001 -0.003 -0.003 -0.004 -0.004 -—0.823 1.048

This covariance matrix differs from the identity matrix primarily in two ways: it assigns smaller
variance to the first factor, and it introduces negative correlation between the factors whose
means have been substantially increased — the first and the last two. In particular, the rather
large negative covariance of —0.823 between the last two factors suggests that the event {L = =}
(in this case with = 250) occurs because of a large value of one of the last two factors, but
not both. This phenomenon is also reflected in the pattern of estimated confidence intervals

using ordinary Monte Carlo (the dotted lines) in the left panel of Figure 5.

8 Asymptotic Approximation

In this section, we develop a hybrid method that combines an asymptotic approximation with
Monte Carlo. The asymptotic method approximates conditional risk contributions, given the
factors; we use Monte Carlo solely to integrate the approximation over the distribution of the

factors.

8.1 A General Approximation

We formulate a rigorous result assuming homogeneous obligors and then apply the same tech-
niques to develop approximations for general portfolios. In order to consider asymptotics as the
portfolio size grows, we assume an infinite sequence {Z, X, X1, Xo, ...} with the X; interpreted
(as before) as loss random variables, though not necessarily of the form ¢;Y;. We impose the

following conditions:
(i) X, X1, Xo,...are conditionally i.i.d. given Z;
(ii) 0 < X < b for some b > 0, and P(X < €|Z) and P(X > b — €|Z) are positive with

probability 1, for all € > 0.
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Define the conditional cumulant generating function of the X; by setting
¥x(0,2) =logE[exp(0X)|Z], —oo0 << 0.

The boundedness assumption in (ii) more than suffices to ensure finiteness of ¥ x (0, Z). Let

Go(+, z) denote the conditional distribution of X given Z = z,
Go(z,z) = P(X < z|Z = z), for all z.

We embed Gy(-, z) in an exponential family of distributions {Gp(-, z), —00 < 6 < 0o} by setting
Go(z,z) = /r e =vx02) 4G (u, 2).

These have the property (standard for exponential families) that

/OO:Eng(:E, z) = %¢X(9, z).

o

For any 0 < ¢ < b, let 6,(z) be the unique solution to

Srx(6,(2). ) = g (22)

assumption (ii) ensures that exactly one such solution indeed exists. The parameter 6,(z) picks
out the member of the exponential family {Gp(, z), —00 < 6 < co} whose mean is q.

Let L,, = X1 +---+ X,,. We let m increase and consider the conditional distribution of
any fixed set of losses X4q,..., X, conditional on Z and on either L,, = gm or L,, > qm.
A general class of results may be paraphrased as stating that the conditional distribution of,
e.g., X1 converges to the exponentially twisted distribution with mean ¢. In other words,
conditioning on the sum (in our case, the total loss) changes the distribution of the summands

in a predictable way. We record precise versions of these assertions in the following:

Proposition 3 Suppose (i) and (ii) hold and 0 < q < b. (a) If X has a lattice distribution
given Z = z with P(X = q|Z = z) > 0, then for any fixed k, as m — oo,

k
P(Xy < a1y, X S ap|L = qm, Z = 2) — [ [ Go, ) (i, 2). (23)
i=1
Also, for k <m,
o
E[Xk|Lym = qgm, Z = 2] = / rdGo, () (7, 2) = q. (24)
—o
(b) If, given Z = z, X has a lattice distribution or a density, then
k
P(X) <zy,...,Xp < ap|Lp > qm, Z = 2) — HGG;;(Z)(:EZ', 2). (25)
i=1
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Also, as m — o0,
E[Xk|Lm > qgm,Z = z] — / :EdGG;;(Z)(:E,Z) =q. (26)

Proof. Once we condition on Z = z, the X; are conditionally i.i.d. and we can apply results for
ii.d. sequences. The limit in (23) then follows from Zabell [20]. The limit in (25) in the density
case follows from Van Campenhout and Cover [19] who also cite earlier work of O.E. Lanford.
The lattice case is treated in Cover and Thomas [3]. The equality in (24) follows from the
fact that Xy,..., X, are exchangeable, given L,, = gm and Z = z. The limit in (26) follows
from (25) and the boundedness of the X;: convergence of distributions implies convergence of

expectations for bounded random variables. O.

If we interpret the limits in the proposition as approximations, then in each case the result
states that in conditioning on a large loss for the whole portfolio (and also the factor outcome),
we may approximate the conditional loss distribution for an individual obligor by exponentially

twisting the original distribution loss distribution for that obligor.

8.2 The Hetereogeneous Case

The limits in Proposition 3 provide approximations for conditional expectations for fixed m. Al-
though the proposition assumes homogeneous obligors, the approximations extend in a natural
way to the heterogeneous case, as we now explain.

The limits in (25) and (26) suggest the approximation
E[Xk|Lim > qm, Z = 2] = E [ Xy exp (0 (Z2) L, —mapx (0] (2), 2)) |Z = 2] . (27)
In more detail, the right side becomes
E [Xiexp (0] (Z) Loy — mipx (0 (2), 2))| Z = 2]
= E[Xipexp (6] (2) Xk —¥x(07(2),2))| Z = 2]

= / :EdGG;;(Z)(:E,Z), (28)

the first equality using the conditional independence of the X; and the second using the defini-
tion of G. From (28), we see that the approximation in (27) is the limit in (26).

For loss levels X; that are conditionally identically distributed, mix is the conditional
cumulant generating function of the total loss L; in generalizing (27) to the heterogeneous case,

we therefore replace myx with ¥ = ¢x, + --- + 9x,,, the conditional cumulant generating
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function of the total loss L. If we set the loss threshold = equal to gm, then equation (22)
defining 6, coincides with equation (10) defining 6,. With these substitutions, we generalize
(27) to

EXi|L>2,Z =2 ~E[Xpexp (0] (Z)L — (0] (2),2))|Z = 2], (29)

with 6, as in (10). Written this way, the approximation does not rely on the X; being condi-
tionally identically distributed.

The interpretation of (29) and of Proposition 3 is that conditioning on a large loss for
the whole portfolio changes the distribution of the individual losses in a predictable way. In
particular, conditional on a large loss L > = (and on the factor outcome Z = z), the individual
losses X}, look like they came from the distribution determined by 6 (z2), rather than the original
distribution.

Taking the expectation of both sides of (29), we get the approximation
E[X4|L > 2] ~ E [Xk exp (9;(2)L —(07(2), 2))} . (30)

Here, Z has the distribution of Z conditional on L > z. Comparing (23) and (25), we similarly
get
ELXG|L = o] ~ E [ Xyexp (0.(2)L — 4(0:(2), 2)) |, (31)

but with Z having the distribution of Z conditional on L = z. The two approximations nearly
coincide when z is large (i.e., when 6,(z) > 0) because conditional on L > z, the total loss L is
likely to be very near z if x is large. In applying these ideas, we will introduce an adjustment

that differentiates the two cases.

8.3 A Hybrid Method

We now specialize to the case X = Yicp in which Y is a default indicator and ¢ is a fixed

loss given default. In this setting, (31) becomes
E[X]AL::E] :CkE[Yk|L::E] %CkE [pk(em(Z),Z)] (32)

with pi(0, z) asin (2). This suggests a hybrid method in which we use Monte Carlo to “integrate
out” the factors Z, but conditional on Z we use the approximation pg(6,(Z), Z), rather than
a ratio estimator like the one in (5). This has the enormous advantage that it allows us to
estimate a conditional expectation given L = x from all replications, not just the few on which
L equals z.

To implement this, we need to generate Z from the correct distribution. In passing from

(29) to (30), we are integrating over the distribution of Z given L > z (or, in the case of (31)
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the distribution of Z given L = x). So, in calculating the expectation on the right side of (32),
we need to generate Z from the appropriate conditional distribution.

Let ¢(z) denote the unconditional density of Z and ¢(z|L > x) the conditional density given
L > z. The conditional density is given by Bayes’ rule:

¢(z|L > x) x P(L > z|Z = z)p(z). (33)
In the case of multivariate normal Z, this becomes
¢(z|L > z) x P(L > z|Z = 2) exp(—2" 2).

Much as in our discussion of importance sampling, we approximate this distribution by a multi-
variate normal N (u, I') with p chosen to match the mode of the conditional distribution — more
precisely, we choose i as in (16). This leads to the following algorithm to estimate E[Yyci|L = x],
combining the approximation py(6,(Z), Z) with Monte Carlo using the approximate conditional

distribution of Z:

Algorithm 8.1: Approximate VaR Contributions
1. Find . by solving (16)
2. Repeat for replications¢ =1,...,n

(a) Generate Z from N (g, I)

(b) Calculate pp(Z) asin (2),k=1,...,m

(c) Solve for 6,(Z) in (11) and calculate pg(0,(Z),Z), k=1,...,m
)

(d Set U, = U —I—pk(Qz(Z)a Z)Ck
3. Return 0 = 0y /n

To approximate E[Yjcx| L > x|, we make two modifications. The first is to replace 0,.(Z) with
01 (Z) in Step 2c. Recall that 6,(z) is negative when the conditional expected loss E[L|Z = 2]
exceeds x. Using a negative value of the parameter makes sense in estimating a conditional
expectation given L = x, because doing so pulls large values of L down towards z. But for a
conditional expectation given L > x, large values of L are as useful as samples that land on x,
so we replace 0, (z) with zero when it is negative.

The second modification is an optional adjustment at the last step. The asymptotics in

Proposition 3 do not distinguish between conditioning on L = x and L > z. In fact, the
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conditional default probabilities should be larger, on average, in the second case, so we correct
for this.

If the approximation
pe(0F(2),2) ~ P(Y, = 1|Z = 2, L > x)

held exactly, then we would have equality between

Eb}%@(%@% and E[L|L > z].
k=1

Let M denote the average value of > 1, pr(0;(Z), Z)cy over n replications, with Z ~ N (ji, )
or Z ~ N(u., ) to approximate Z, which has the distribution of Z conditional on L > z. We

would like to make the adjustment

E[L|L > a]

pil0;(2), Z2) = pu(05(2), 2) =7

to the approximate conditional default probabilities. We do not know E[L|L > z|, but we
can estimate it from the simulation itself. This is what the optional steps do in the following

algorithm:

Algorithm 8.2: Approximate Shortfall Contributions
1. Find . by solving (16)
2. Repeat for replications¢ =1,...,n

(a) Generate Z from N (g, I)
(b) Calculate px(Z) asin (2), k=1,....,m
(c) Solve for 6,(Z) in (11) and calculate px(6(Z2),Z), k=1,...,m
(d) [Optional]
i. Set M =M+ >00, pe(05(Z), Z)ex
ii. Generate default indicators Yi,...,Y,, using probabilities pi(0)(Z), Z), k =
1,...,m
iii. Calculate loss L and likelihood ratio ¢ and set Num = Num + L1{L > z}{ and
Den = Den + 1{L > z}4

(e) Set ;. = 5 —I—pk(em(Z), Z)Ck

3. Return §; = §x/n
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4. [Optional] Return 8, = §xNum/(Den x M)
Remarks

1. The optional adjustment (which we use in all our examples) scales the estimated risk

contributions of all obligors by the same amount.

2. Rather than solve for 6,(z) and then take the positive part, one can first check if

m

Zpk(z)ck >

k=1

and solve for 6,(z) only if this holds. If this inequality fails, 6,(z) is in (—o0, 0] and
0F(z) = 0.

3. In the algorithms above, the 9y, are sample means of i.i.d. replications, so supplementing
them with confidence intervals is straightforward using their sample standard deviations.
The estimator of Algorithm 8.2 is slightly more complicated because of the multiplica-
tive adjustment, but a central limit theorem for it can be established along the lines of

Propositions 1 and 2.

8.4 Numerical Examples

We illustrate the performance of the asymptotic approximation using the example portfolios of
Section 6.3. Figure 7 shows results for Example 1 (which has independent obligors); Figure 8
applies to the single-factor model in Example 2; Figure 9 shows results for Example 3; and
results for the 11-factor model of Example 4 appear in Figure 10. Each figure compares the
approximation with a 95% confidence interval estimated using importance sample. In each case,
the approximation is sufficiently accurate to be useful.

The figures suggest that the asymptotic approximation is more accurate for VaR contribu-
tions (conditioned on L = x) than for expected shortfall contributions (conditioned on L > ).
This makes sense, because the asymptotics in Proposition 3 implicitly approximate condition-
ing on L > x by conditioning on L = z. The approximations in the figure distinguish between
the two primarily by a scale factor: the final (optional) step in Algorithm 8.2 scales the risk
contributions so they sum (approximately) to E[L|L > z].

An alternative way to approximate shortfall contributions E[X;|L > z] would be to take a
weighted average of approximate VaR contributions E[X|L = x;] at several thresholds x;. The
weight for E[X|L = z;] should approximate the probability that L is closest to that x; given

that L > x. These probabilities can be estimated using importance sampling.
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9 Approximation Without Monte Carlo

The methods of Section 8 approximate the conditional default probability of each obligor (given
a large loss level and the factor outcome), but use Monte Carlo to integrate out the distribu-
tion of the factors. In this section, we take the approximations one step further and dispense
entirely with Monte Carlo. Rather than integrate over the distribution of factors, we evaluate
the approximations of Section 8 at a single outcome of the factors — namely, the “most likely”
outcome p, leading to large losses. Related ideas are investigated in Glasserman [7] as a means
of approximating the overall risk in a portfolio (as opposed to the individual risk contributions).
As explained there, this may be viewed as a simplified application of the classical Laplace ap-
proximation for integrals. The full Laplace approximation could be applied using the candidate
covariance matrix in (21), provided this matrix is indeed positive definite.

By evaluating the steps in Algorithm 8.1 at just the single outcome Z = p,, we arrive at

the following approximation:

Algorithm 9.1: Approximate VaR Contributions

1. Find p. by solving (16); set z = .

[\)

. Calculate px(z) asin (2), k=1,...,m
3. Solve for 6,(z) in (11) and calculate pg(0.(2),2), k=1,...,m
4. Return py(0,(2), Z)c, k=1,...,m

In Algorithm 8.2, one of the ways we distinguished between VaR contributions and expected
shortfall contributions involved scaling the approximate contributions to set their sum approxi-
mately equal to E[L|L > z], or rather an estimate of this ratio. This is the optional adjustment
in Algorithm 8.2, calculated from the simulated losses themselves. Once we dispense entirely
with Monte Carlo, we have no obvious mechanism for applying a similar adjustment. In the

algorithm that follows, we adopt as a crude approximation
m
ELIL> 2~z +E[L =2+ prcx.
k=1

We then approximate expected shortfall contributions as VaR contributions at this shifted
threshold z.

Algorithm 9.2: Approximate Shortfall Contributions

1. Find p. by solving (16) at x + >, prck; set z = i,
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Figure 11: The dashed line shows the approximation. IS confidence intervals (solid lines)
are included for reference. The graphs shows VaR contributions (left) and expected shortfall
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2. Calculate pg(z) asin (2), k=1,...,m
3. Solve for 6,(z) in (11) and calculate pg (6} (2),2), k=1,...,m
4. Return pr(0F(2), Z)cg, k=1,...,m

In this algorithm, we evaluate the twisted default probabilities at 6 (z) to be consistent
with Algorithm 8.2. But it is not hard to see that 6,(z) is positive at z = u, (as reflected in
the fact that F,(us) < 0 in Figure 1), so in this case 6, = 6;.

We illustrate these approximations through examples. For Example 1, the approximations
of this section coincide with those of Section 8 because there is no dependence on Z; thus,
Figure 2 applies to Algorithms 8.1-8.2. Results for Examples 2-4 are shown in Figures 11-13.
The approximations are very good for the VaR contributions, particularly keeping in mind that
they are extremely fast.

The approximations are less accurate for expected shortfall contributions (the right panel in
each figure) than for VaR contributions. This is at least in part due to the fact that we do not
know the conditional mean E[L|L > z], to which the expected shortfall contributions should
sum.

The improvement in the approximation that could result from a better estimate of the
conditional mean is illustrated for Example 3 in Figure 14. In this example, we have z = 500
and E[L] = 50.5, so Algorithm 9.2 evaluates approximate shortfall contributions at 550.5. Using
simulation, we estimate that E[L|L > 500] is about 713. Evaluating the approximation at this
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Figure 12: The dashed line shows the approximation. IS confidence intervals (solid lines)
are included for reference. The graphs shows VaR contributions (left) and expected shortfall
contributions (right) in Example 3.
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Figure 13: The dashed line shows the approximation. IS confidence intervals (solid lines)
are included for reference. The graphs shows VaR contributions (left) and expected shortfall
contributions (right) in Example 4.
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Figure 14: The dotted line shows approximate shortfall contributions for Example 3 calculated
using x = 713, the estimated value of E[L|L > 500]. The dashed line shows the approximation
at x = 550.5. The solid lines are IS confidence intervals.

threshold produces the dotted line in the figure, which is nearly indistinguishable from the

Monte Carlo results.

10 Summary

We have developed importance sampling methods and approximations for calculating the
marginal risk contributions used to allocated portfolio credit risk to individual obligors. We
have developed these methods for VaR and expected shortfall in the setting of the Gaussian

copula model of portfolio credit risk. We summarize the application of these methods as follows:

o The importance sampling methods are very effective in improving precision in estimating

marginal risk contributions. They are particularly effective at high loss quantiles.

o Combining importance sampling with an asymptotic approximation to conditional default
probabilities leads to smoother estimates of the marginal risk contributions. These are

quite effective both for VaR and shortfall contributions.

o Similar ideas can be used to approximate marginal risk contributions without Monte Carlo.
These approximations are very fast and quite accurate for marginal VaR contributions.

They are somewhat less accurate for marginal shortfall contributions.
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