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Introduction

 In the Black-Scholes-Merton model, the stock price follows geometric

Brownian motion, a process with infinite lifetime (no possibility of

bankruptcy).

e Real-world firms have positive probability of bankruptcy in finite time.

e While many popular stock options pricing models (local vol, stochastic
vol, jump-diffusion, Levy,...) focus on modeling volatility skew and
ignore the possibility of default of the firm underlying the option contract,
modeling default 1s central to the area of credit risk, corporate debt and

credit derivatives modeling.



Motivating Example

Data: General Motors price on 02.22.2006 was $21.19
Historical Volatility of GM stock price over the previous 12 months ~46%
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Question: Which exchange-traded option contract (strike and expiration)

on GM had the largest Open Interest? Can you guess its Implied Volatility?
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Motivating Example

Answer:

Largest OI: Jan 07 $10 Put @ $1.50 (IV ~100%) with OI 493,051

contracts.

2" largest OL: Jan 07 $5 Put @ $0.50 (IV ~120%) with OI 205,703
contracts.

Jan 07 $7.50 @ $1.00 (IV ~110%) and $2.50 @ $0.15 (IV ~133%)
Puts also have substantial OI.

Total outstanding notional for Jan 07 Puts with strikes $2.50-$10
~100 million shares (+ Jan 08 Puts with strikes $2.50-$10 ~30

million shares).



Implied Volatility Skew for GM 2007 Puts
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Recall that 12-month Historical Volatility of GM ~46%!



Stock Options as Credit Derivatives

« Put options on the stock provide default protection and can be used to
manage default risk [ close link between equity and credit derivatives.

e Deep out-of-the-money puts are essentially credit derivatives.

e A rough calculation for Jan 08 $2.50 put. If GM does not go bankrupt, the
put expires worthless. If GM goes bankrupt, GM stock will be worth
pennies. Assume zero. Then the put pays $2.50. Like CDS!

e Price = (discount factor) x (R.N. probability of GM bankruptcy) x $2.50

e Price on 02.22.06 = $0.50, so market implied
Implied R.N. Probability of GM Bankruptcy by Jan 2008 = 22%



Further Observations

e On the flip side, pricing and risk management of equity derivatives should

take into account the possibility of default.

e Possibility of default contributes to the implied volatility skew in stock
options. Linkage between implied volatility skew in options markets and

credit spreads 1n credit markets.

» Corporate debt, credit derivatives, and equity derivatives should be

modeled within a unified framework.



Research Program

We develop a parsimonious, analytically tractable unified modeling

framework for corporate debt, credit derivatives, and equity derivatives.

In the reduced-form, intensity-based framework, we model Defaultable

Stock as the fundamental state variable.

We view corporate debt, equity derivatives, and credit derivatives as

contingent claims written on the defaultable stock.

Our Research Program: introduce default into all the major equity

derivatives models, preserving analytical tractability as much as possible.



A Catalogue of Models

[. Jump-to-Default Extended Diffusion (JDD)
I.1 Jump-to-Default Extended Black-Scholes-Merton (JDBSM)
1.2 JDBSM --- 2" Model Specification
[.3 Jump-to-Default Extended CEV (JDCEV)
II. Stochastic Volatility (SV) Models with Default
II.1 Affine SV Model with Default: Application to Convertible Bonds
I1.2 Non-affine Local-Stochastic Volatility Models with Default
III. Models with Jumps
III.1 Introducing Jumps into JDD by Subordination
II1.2 Models with Jumps, Stochastic Volatility, and Default



I. Jump-to-Default Extended Diffusion (JDD)

Model the pre-default stock dynamics under an EMM Q as a diffusion:
dSt = [T(t) — Q(t) + )\(St,t)]St dt + O'(St,t)st dBt, SO =5 > 0,
r, q, o and A are the short rate, dividend yield, volatility, and default intensity.

If the diffusion can hit zero, we kill it at the first hitting time of zero, 1y, and

send it to a cemetery (bankruptcy) state A, where it remains forever.

Jump-to-default arrives at the first jump time Q: of a doubly-stochastic Poisson
process with intensity A(Sy,t). The time of default is ¢ = min{T}, C}.

Assume stock holders do not receive any recovery in the event of default. Ad-
dition of A\ in the drift r — ¢ + A compensates for default to insure that the
discounted gain process to the stock holders is a martingale under the EMM.
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Pricing Corporate Bonds

e The time-t price of a defaultable zero-coupon bond with face value of $1

and no recovery in default:
B(S,;T) = e hQ(s 7).
where the (risk-neutral) survival probability is:

Q(S,t;T) = Ble™ v ASwdug p py|S; = 5]

11



Pricing Stock Options

e The time-t price of a call option with strike K > 0:
CS.:K.T) = e I r(v)dug [6_ Jr /\(Su,u)du(ST _ K)+]—{TO>T}| S, = S} .
e A put option with strike K > 0 can be decomposed into two parts:

(K — S7) " 1esry + Klgeary,

the put payoft given no default by 7" and a recovery payment at 1" equal to
K in the event of default ( <T'. The put price:

P(S,t: K, T) = e Ji "Wdug | o= [,/ MSwwdu(pr 6 V+1 . 0[S, =8
{To>T}

+Ke i rwdury (8 4T,

e Notice the default claim embedded in the put option!
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I.1 A Jump-to-Default Extended Black-Scholes-Merton

Pre-default stock price dynamics:
dSt = [7‘ —(q + )\(St)]St dt + O'St dBt, SO =5 > 0,
)\(S):—p a>0, p>0.

This process cannot diffuse to zero. Time of default ( is the first jump time

of a doubly stochastic Poisson process with intensity A(S).
A(S) — oo as S — 0, making default inevitable at low stock prices.
A(S) — 0 as § — oo, making the stock asymptotically GBM at large values.

We obtain closed-form solutions in this model (V.L., “Pricing Equity
Derivatives subject to Bankruptcy,” Mathematical Finance, 2006, 16
(2), 255-282.
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Reduction of the Pricing Problem

e The pricing problem reduces to computing expectations of the form:

Vo (S,T) = e "TE [e— I A<St>dtx11(sT)} .

o e Jo A(S51)dt can he removed by changing measure via (Girsanov:
Ve (S,T) = e 1T SE [S;10(ST)]
E is w.r.t. @ under which B\t := B; — ot is a standard BM and
dS; = (r — g+ 0%+ aS; P)S, dt + 65, dB;, So=S > 0.
e The pre-default stock process under Q can be represented as:
Sy = (5_1X$Et)))%,
where X is a diffusion process
dX;: = 2(v + 1) X +1]dt 4+ 2 X dWy, Xo = x = (BSP,

B:=po?/(4a), v:=2(r —q+0?/2)/(pc?), T(t) :=p*c°t/4.



Reduction of the Pricing Problem

e The problem reduces to computing

S -

Vo (S, T) = e SEM[(X,/8) »¥((X./B)¥)],

where E:E.V) is w.r.t. the probability law of X starting at z = 5S5P.

e The process X is closely related to the problem of pricing Asian options (Ge-
man and Yor (1993), Donati-Martin and Yor (2001), Linetsky (2004)).

e The spectral expansion of the transition density of X is available in closed form,
yielding closed-form pricing formulas for corporate bonds and stock options in

the form of spectral expansions.
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Closed Form Solution for Corporate Bonds

e Zero-coupon bond with unit face and no recovery:

ol(v—1/p) 1 2 1
B(S,0.T) = 1 T o(L2_,.
(5,0,T) {v>2/p}€ I'v—2/p) \p'p R

[lv1/2]

e (M = 20T T L= 1) (]
1, qr 2n(|v| n)T(‘V‘ 9 +nL(|y| 2n)

<2 nz:; ¢ 1+ v —n)I'(1—=1/p—n) 2z Ly 2

e~dT © W 11w 1 1 v—+ip 1 v+ip\|
S Tz (22)p 2 emWo, g (— | |T r(--—
+47T2F(1/p)/o ’ )7 e W (2:1;) ‘ ( E ) (p 2

Ula,b,z) — Tricomi confluent hypergeometric function, W, ,(z) — 2nd Whittaker

function, Lq(f‘)(z) — generalized Laguerre polynomials, ['(z) — Gamma function, [z]

sinh(mp)p dp,

— integer part of x.
2

2

e The formulas are fast and easy to compute in Mathematica and Maple
where all special functions are available.

L] ° L] . 2
e Continuous spectrum above %- and discrete eigenvalues in [0, ).
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Closed Form Solution for Put Options

_ 7. LT(v—1/p) 1 2 1
P(S.0: K, T) = e "K — 1,, T\ = 4p) 12 1
(5,0, K,T) =e {v>2/p}€ I'(v—2/p) p'p v "2

e TS 1 Al 1
-1 — T — 2k)» - —

[Iv1/2]

_ Con(ivl—m 2(J] = 2n)n! _ 1
-1 e qTS 2n(|y|—n)T 2 TLL(|V| 2n)
e "5 D pr(n)e D+ o= ) En 2

n=1

o0 2, 2 . 2
—e_qTSL/ PK(p)e_(V P T e Wy 4 L r(Z s
on? J, 54\ 2z 2

sinh(mp)pdp,

where

(2k)=" (2/p— v —ip) T (—ip) [1 v ip . v dp . .1 v ip 1”
2§R F ) _71__ _71 y T o 17__ 9
i {r<v/2—z'p/2><p2+<u—2/p>2> Tt B R I R T

AEECEINCE SR | 1
+ Elwvl—-—n+1v—mn+—lv|—2n+1,|v|—m+1+— ——]|,
2(v| = n+1/p)n!T(jv| — 2n+1) > ? i i p\ | V| Y

oFhlay, as; by, be; z] — Gauss hypergeometric function, y(a, z) — incomplete Gamma
function, I'(a, 2) — complementary incomplete Gamma function, R(z) — real part
of a complex number z.
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Term Structure of Credit Spreads
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rigwe 1. Lerm Structure of Credit Spreads. Parameter values: § = §* = 50,
c=0.31r=¢q=0.03 h*=003p=0.51,23 AS)=h" (%*)p, where S* > 0 is
some reference price level and A* = A(S*) > 0 (h* is the scale parameter).
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Implied Volatility
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rigwe 22 Implied Volatilities for Times to Expiration 7" = 0.25,0.5,1, 5.
Parameter values: S = S* =50, 0 = 0.3, 7 = ¢ =0.03, h* = 0.03, p = 2 (the same
parameters used to compute credit spreads).
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I.2 Alternative Intensity Specification

Alternative intensity specification:

C

AS) = In(S/B)’

c>0, B>0, S>B.

This specification is similar to the one used in Madan and Unal (1998).

A(S) — o as § — B, making default inevitable as the stock falls towards B.
A(S) = 0as S — .

The pricing problem reduces to computing expectations of the form:
Ve (S,T) = e "TE |e Jo MS)Uw(5.)| = e TSR [S;10(57)],

E is w.r.t. @ under which B\t .= B; — ot is a standard BM and

dS; = (r — g+ 0%+ ¢/ In(S;/B))S: dt + 0S; dB;, Sy =S > B.

We obtain closed-form solutions in this model.
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Reduction to Bessel Process with Drift

Let X be a Bessel process with drift:

1/2
dXt: (V—;{/ —|—,U,) dt—l—th, X():ZL’>O
t

The pre-default stock process under Q can be represented as:
S; = Be™t where v =c/0* —1/2, p=(r—q)/o+0c/2, =1In(S/B)/o.
The problem reduces to computing
Vo (S, T) = e (S/B)EY M [e X T T (Be” X)),
where ES*) is w.r.t. the probability law of X starting at z = In(S/B)/o.

Laplace transform of transition density of X was obtained by Yor (1984). It
was inverted by V. Linetsky, “The Spectral Representation of Bessel Processes
with Drift,” J. Appl. Probability, 41 (2004) 327-344. This yields an analytical

solution to our model (in preparation).
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[.3 A Jump-to-Default Extended CEV Model (JDCEV)

e Pre-default stock dynamics:
dSt = [T(t) — Q(t) + )\(St,t)]St dt + O'(St,t)st dBt, SO =5 >0.

e To be consistent with the leverage effect, constant elasticity of variance
(CEV) volatility specification:

o(S,t) = a(t)SP,

B < 0 is the volatility elasticity and a(t) > 0 is the (time-dependent) volatil-

ity scale parameter.

e To be consistent with the evidence linking credit spreads to stock price volatility,
default intensity — affine function of the instantaneous variance of the stock:

A(S,t) = b(t) + co?(S,t) = b(t) + ca’(t)S?", b(t) >0, ¢ > 0.

e Peter Carr and V.L., “A Jump-to-Default Extended CEV Model: An Applica-
tion of Bessel Processes,” Finance and Stochastics, 10 (3), 303-330.
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Reduction of JDCEV to CEV

Linetsky & Mendoza recently (two weeks ago) proved that calculations in JDCEV
can be reduced to the standard CEV without jump-to-default by changes of variables

and changes of measure:

V‘I,(S, t’ T) — o ftT T(U)duEt,S |:e_ ftT )\(Su,u)du\:[j(ST)l{TO>T}:|

2

_ - ftT f(u)dum_ Setr T Et,:p [X%c—ic—l \I]<X’1@)]—{TO>T}] ’

where z = S172¢ and, under Q, X follows a standard CEV process:
dX, = [F(t) — q(t)| X,dt + a(t) X' dB,

with parameters:

~

7(t) = (2c+ 1)(r(t) + b(t)) — 2¢q(t), a(t) = (2c+ 1)a(t), 6= (2c+1)0.
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Non-central Chi-square Distribution
CEV transition density is expressed in terms of non-central chi-square.

x2 (0, ) with § degrees of freedom and non-centrality parameter o > 0:

1 atx xXr

fx2 (5875, Ck) = 56_ 2 (a) Iy(\/ LUOé)l{x>0},

where v = §/2 — 1 and I, is the Bessel function.
For p > —(v+ 1) and k£ > 0, p—th moment and truncated p—th moments:

%F(p—l—u+1)
I'(v+1)

M(p;d,a) = EX2<5’O‘>[XP] = 2Pe” Filp+v+1Lv+1,a/2),

v+p+n+1,k/2)
n!l'(v+n+1)

(87

Ot (p, k6, 0) = BX OO [XPLixon] =27 e 3 (_)n =
n=0

Y

2

I'(a) — Gamma function, y(a,x) — incomplete Gamma function, I'(a, z) — comple-
mentary incomplete Gamma function, 1Fi(a,b,x) — confluent hypergeometric func-

tion.
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Results for Survival Probability and Options

o Define z:= 5:51%1 > 0, vy := S22 > 0,6, :=2(vy +1) >0,

T
=7(t,T) := / az(u)6_2|5|ftu a(s)ds gy,
t

e Assume no default by time ¢t > 0. The risk-neutral survival probability is:
1
2\ 2[8] 1 372
£ T = o= i b(wdu [ I S I
Q(Sa ) ) € T M Q‘ﬁ" + -

e The call option price is:

T k2 5172
C(S,t; K,T) = e~ Jo awdugp+ (o —: o, )
T

2 2 2
o P (2T g LAY LA
T 218" T T

k= k<t7T) — mKw' —1B ftT a(u)dU.
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Numerical Examples
Consider a time-homogeneous model.

Parameterize volatility as follows:

=0 (L)

S* > 0 is some reference stock price level and o, > 0 is the volatility at that
reference level, o(5*) = 0. (e.g., S* = Sy, initial stock price).

Assume Sy = 50, 0, = 0.2, r = 0.05, ¢ = 0, and the elasticity parameter 3 = —1.

Default intensity:

203
A(S) = b+ co? (%) :

Consider cases b =0 and b =0.02 and ¢ =1/2 and ¢ = 1.
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Term Structure of Credit Spreads
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Figwe 3. Lerm structures of credit spreads. Parameter values: Sy = 50, o,

02,8=—1,7r=005¢g=0b=0,002c=0,1/21.
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Implied Volatility Skews
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Figure 4 Implied volatility skews. Parameter values: S = S$* =50, 0, = 0.2, 8 = —1, r = 0.05,
g = 0. For CEV model: b = c = 0. For JDCEV model: 6 =0.02, ¢ = 1. JDCEV times to expiration
are T'=0.25,0.5, 1,5 years. Implied volatilities are plotted against strike.
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II.1 Affine Stochastic Volatility Model with Default

e Affine SV model with default and stochastic rates (extenstion of Carr & Wu
(2005) with stochastic rates):

dS; = (1 — g+ \)Sedt + \/ Vi S:dW S,
dry = Kk (0, — ry)dt + opr/Te AW,
AV, = kv Oy — V,)dt + ov+/V, dW/Y |
dzy = k,(0, + YV, — 2)dt + 0,/2 W7,
At = 2z +aVy + Bry,
AW dWY = pgvdt, psy <0,
other correlations equal to zero.

e The model is affine and analytically tractable for European-style securities, incl.
defaultable bonds and stock options, up to Fourier inversion.
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Implied Volatilities
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Figure 5: Implied Vol Skews for T'= 0.25,0.5,1, and 2 years. Current stock price Sy = 25.
Volatility Skew

e Similar to JDCEV, default intensity linearly depends on local vari-
ance.

e The model features realistic volatility skews linked with credit spreads.
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Application to Convertible Bonds

e Convertible bonds are American-style. The problem is to find an optimal
conversion strategy for the bondholder and an optimal call strategy for the
firm, and value the convertible bond assuming both players behave optimally:

a differential game problem.
e Solving it in the 4-factor model is computationally very challenging!

e We convert the differential game to a non-linear penalized PDE and solve it
numerically by the finite element method-of-lines with the adaptive time-
stepping package SUNDIALS from the Lawrence Livermore National Labo-
ratory. Kovalov and Linetsky, “Valuing Convertible Bonds with Stock Price,
Volatility, Interest Rate, and Default Risk”, working paper.
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Figure 6: Solution for the 5-year Convertible Bond (semiannual 3% coupon, 2 years
call protection period, and clean call price $1400).

dashed lines — conversion boundary.

Solid lines — call boundary,
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I1.2 Non-affine Local-Stochastic Vol. Models with Default

e Start with a model with local volatility o(z):
dXt — )\(Xt)Xtdt -+ O'(Xt)XtdBt
where default arrives with intensity A(X}), sending X to zero.

e Suppose V; follows a CIR process:
AV, = k(0 — V;)dt + oy \/VidW,.
Consider an integral: T} = f(f V, du.
e Do a time change S; = X7,. The SDE is:

dSt — )\(St, ‘/t)Stdt -+ U(St)\/VtStdBt
and default intensity is A(S, V) = A(S)V.

e If X has an analytically tractable spectral expansion, then S is also tractable
since we know the Laplace transform E[e™*!t]. We introduce SV into JDD mod-
els, and default intensity is linear in stochastic volatility! For the JDCEVSYV,
A8, V) = bV + cVa%5%. Work in progress.
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Time Changing Diffusions with Known Spectral Expansions

e Transition densities of 1D diffusions admit spectral expansions. If the spectrum
of the infinitesimal generator of the diffusion X is discrete with eigenvalues A,
and eigenfunctions ¢, (x), then the transition density has the spectral expansion:

o0

p(t;z,y) =my) > _ e on(x)en(y),

n=1
where m(y) is the speed density of X. If the spectrum is continuous, the sum
is replaced with the integral.

e Suppose T} is a non-decreasing process with the known Laplace transform:
L(t,\) = Ele” ).

e Then the time-changed process X7, has the transition density:

p(t;z,y) = ZﬁtA )on (z)en (y)-

e We can construct new tractable processes from a diffusion X with the known

spectral expansion and a time change 1" with the known Laplace transform.
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III.1 Introducing Jumps by Subordination
Start with a model with local volatility o(z) and default intensity A(x):

dXt — )\(Xt)Xtdt -+ O'(Xt)XtdBt.

Suppose {T3,t > 0} is a Lévy subordinator, i.e., a non-decreasing Lévy process
(only positive jumps). Its Laplace transform is:

E[G_STt] _ 6—t¢(s)
with Laplace exponent ¢(s) given by the Lévy-Khintcine Theorem.

Do a time change S; = Xp,. It is a jump-diffusion process with the same
diffusion volatility as X, with jumps with Lévy density and default intensity:

78,8 = [ p(t:S,S)w(dD), N(S)=AS)+ [ PulS.ola).
0 0
p(t; x,y) — transition density of X;, Py(x,t) — probability of default of X by

time t starting from state x at time zero, v — Lévy measure of T

S has an analytically tractable spectral expansion if X is, and we have a way of

introducing jumps into our JDD framework. Work in progress with Peter Carr.
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II1.2 Models with Jumps, SV, and Default

e If we compose the two types of time changes, then we can build very rich models
with stochastic volatility, jumps, and default.

e Start with X as before, first do the time change with the Lévy subordinator T},
and then do the time change with T? = f(f Vudu. The result is a jump-diffusion
process with jumps, SV, and default with diffusion volatility o (S, V) = o(S)VV,

Lévy measure

w(V.S.8) =V [ plti S, S)la),
0
and default intensity
A¢(S, V)=V [)\(S) —|—/ Py(S, t)u(dt)].
0
e S is analytically tractable if X is, and we have a way of introducing jumps and

SV into our JDD framework. Work in progress with Peter Carr.
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Conclusion

We develop a framework for unified modeling of corporate debt, credit deriva-
tives, and equity derivatives.

Within this framework, we are able to go surprisingly far in obtaining analytical
solutions to credit-equity models with diffusion, jumps, SV, and default.

Our research program is to introduce default into all the major equity models,
incl. SV, Lévy, etc.

These models feature linkages between corporate credit spreads in the credit
markets and implied volatility skews in the options markets.

Equity options may be used as indicators of market’s assessment of credit risk of
the underlying firm along with credit spreads, and are emerging as an important
source of market data to potentially improve credit risk measurement.
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